Let R be a Noetherian commutative ring with identity, K a field and π a ring homomorphism from R to K. We investigate for which ideals in R[x 1 , . . . , xn] and admissible orders the formation of leading monomial ideals commutes with the homomorphism π.
Introduction
Let R, R be Noetherian commutative rings with identity and π : R → R a ring homo- where lm(I) denotes the ideal generated by the leading monomials of the elements of I. This condition has already been studied in Bayer et al. (1991) and it has been shown that (1.1) holds for any ideal and any term order if and only if π is flat. In this paper we study condition (1.1) under the additional assumption that R is not a general Noetherian commutative ring with identity but a field. First we prove the following necessary and sufficient condition for (1.1). Let {g 1 , . . . , g s } be a Gröbner basis of an ideal I ⊆ R[x 1 , . . . , x n ] with respect to an order ≺ and assume that the g i s are ordered in such a way that the leading coefficients of precisely the first r polynomials are not in the kernel ker(π). Then (1.1) holds for I and ≺ if and only if the polynomials π(g r+1 ), . . . , π(g s ) can be reduced to 0 modulo {π(g 1 ), . . . , π(g r )}. Sufficient but not necessary conditions that (1.1) holds for an ideal and an order can be found in Bayer et al. (1991 ), Pauer (1992 , Gräbe (1993) and Assi (1994) .
If R is a field ker(π) is a prime ideal. Let J be a subideal of ker(π). We show that the following two conditions are equivalent. Furthermore we use the concept of independence complexes of ideals to give two other 0747-7171/97/010051 + 08 $25.00/0 sy970113 c 1997 Academic Press Limited conditions equivalent to (a) and (b). Note that the implication (a) ⇒ (b) is a generalization of the main result in Gianni (1987) and Kalkbrener (1987) . For ideals in multivariate polynomial rings over R we prove the equivalence of the following two conditions.
(c) ker(π) is an isolated prime ideal of J which equals the corresponding primary component. (d) For any number of variables n, any ideal I in R[x 1 , . . . , x n ] with I ∩ R = J and any term order, (1.1) holds.
As a consequence of this result and the already mentioned theorem in Bayer et al. (1991) we obtain that π is flat if and only if no proper subideal of ker(π) is primary.
Definitions
Throughout this paper let R be a Noetherian commutative ring with identity and K a field. The ideal generated by a subset F of R is denoted by F and the set of power products in the variables x 1 , . . . , x n by PP (x 1 , . . . , x n ). Let ≺ be an arbitrary admissible order on PP (x 1 , . . . , x n ). For any non-zero polynomial f ∈ R[x 1 , . . . , x n ] write f = cX + f , where c ∈ R \ {0} and X ∈ PP (x 1 , . . . , x n ) with X X for every power product X in f . With this notation we set We will often use the characterization of Gröbner bases in Theorem 2.1 (see Möller, 1988) .
where c i ∈ R, Y i ∈ P (x 1 , . . . , x n ) and Y i · lpp(f i ) = X whenever c i = 0. Obviously, S(M ) has a finite homogeneous basis.
The following two conditions are equivalent.
Let R be a Noetherian commutative ring with identity. Every ring homomorphism π : R → R extends naturally to a homomorphism π :
We want to study under which conditions on π and ≺ a Gröbner basis of I maps to a Gröbner basis of I R [x 1 , . . . , x n ]. Note that it suffices to have
(2.1)
We call I stable under π and ≺ if it satisfies (2.1) and we will focus on this condition. The stability of ideals has been already studied by Bayer et al. (1991) . They proved the following interesting relation between flat morphisms and the stability of ideals (Bayer et al., 1991, Theorem 3.6) . Recall that an R-module N is called flat if the functor In this paper we will concentrate on a special case: we assume that π is a ring homomorphism from R to the field K. Hence the image of R is a subring of K and therefore an integral domain. Thus the kernel, ker(π), is a prime ideal and the quotient fieldK of R/ ker(π) is a subfield of K. Furthermore, it is easy to see that
Additionally to stability we will consider the following weaker property. We call an ideal
(2.3)
Stability Criteria
First of all we show that the stability of an ideal I can be easily checked if a Gröbner basis of I is known. We do the proof by induction on ≺.
Induction basis: If lpp(f ) = 1 then π(lc(f )) = 0 and lpp(f ) = lpp(π(f )). Hence, (3.1) holds.
Induction step: Since (3.1) holds if π(lc(f )) = 0 we assume that π(lc(f )) = 0. If there exists an i ∈ {1, . . . , r} such that lpp(g i ) divides lpp(f ) we define
Obviously, lpp(π(f )) = lpp(π(f )) and lpp(f ) ≺ lpp(f ). Thus, (3.1) follows from the induction hypothesis. Otherwise, there exist j 1 , . . . , j k ∈ {r + 1, . . . , s} and c j1 , . . . , c j k ∈ R such that lpp(g j l ) divides lpp(f ) for l ∈ {1, . . . , k} and
Obviously, lpp(π(f )) = lpp(π(f )) and lpp(f ) ≺ lpp(f ). Again, (3.1) follows from the induction hypothesis. P Sufficient but not necessary criteria for the stability of I under π and ≺ can be found in Bayer et al. (1991 ), Pauer (1992 , Gräbe (1993) and Assi (1994) .
Let J be an ideal in R with J ⊆ ker(π). We will now show that every ideal I in the univariate polynomial ring R[x 1 ] with I ∩ R = J is stable (resp. semi-stable) under π if and only if ker(π) is an isolated prime ideal of J. 
. . , t} with a 1 , . . . , a k−1 ∈ P and a k / ∈ P and define p :
. . ∩ Q m be an irredundant primary decomposition of I and denote the radical of Q i by P i . We can assume that the Q i s are ordered in such a way that there exists an m ∈ {1, . . . , m} with P = P j ∩ R for j ∈ {1, . . . , m } and P = P j ∩ R for j ∈ {m + 1, . . . , m}. Obviously, p, h ∈ P j for j ∈ {1, . . . , m }. Hence, we can choose a natural number l such that for every j ∈ {1, . . . , m } we have h l ∈ Q j . Since P is an isolated prime ideal of I∩R we can choose for every j ∈ {m +1, . . . , m} a q j ∈ (Q j ∩R)\P .
For proving semi-stability it suffices to show that By (3.3) , there exists a natural number l with
. Thus, I is semi-stable under π and ≺. Assume that P is not an isolated prime ideal of J. Let J = Q 1 ∩ . . . ∩ Q m be an irredundant primary decomposition of J and denote the radical of Q i by P i . We can assume that the Q i s are ordered in such a way that there exists an m ∈ {0, . . . , m − 1} with P ⊆ P j for j ∈ {1, . . . , m } and P ⊆ P j for j ∈ {m + 1, . . . , m}. Thus the prime ideal P is not contained in m j=m +1 P j (see Matsumura, 1970, p. 3 We will use this fact in order to show that I is not semi-stable. We have assumed that J ⊆ P and P is not an isolated prime ideal of J. Hence, by definition of m , there exists a j ∈ {m + 1, . . . , m} with Q j ⊆ P j ⊆ P . Thus, {a 1 , . . . , a r , b 1 , . . . , b k , c} ⊆ P and therefore
Note that the implication (a) ⇒ (b) in Theorem 3.2 is a generalization of the main result in Gianni (1987) and Kalkbrener (1987) .
In Theorem 3.2 we have proved that every ideal I in R[x 1 ] with I ∩ R = J is stable if and only if ker(π) is an isolated prime ideal of J. In the following theorem we will give a similar characterization of the stability of multivariate ideals. Note that the implication (a) ⇒ (b) in Theorem 3.3 is similar to Proposition 3.10 in Bayer et al. (1991) and a generalization of Theorem 2 in Becker (1994). 
